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Abstract—We consider inductive sequences of Toeplitz–Cuntz algebras. The connecting ho-
momorphisms of such a sequence are defined by a finite set of sequences of positive integers.
We prove that the inductive limit of such a sequence of Toeplitz–Cuntz algebras is isomorphic
to the reduced semigroup C∗-algebra constructed for the unitalization of the free product of a
finite family of semigroups of positive rational numbers. We show that the limit of the inductive
sequence of Toeplitz–Cuntz algebras defined by a finite set of sequences of positive integers is
a simple C∗-algebra.
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INTRODUCTION

This paper is devoted to the study of inductive limits of sequences of Toeplitz–Cuntz algebras.
Recall that a Toeplitz–Cuntz algebra T On is a unital C∗-algebra defined as a universal C∗-algebra
generated by a set of n isometries with mutually orthogonal images. This algebra was defined
and studied by Cuntz [4, 5]. Subsequently, the properties of Toeplitz–Cuntz algebras and their
applications have been studied by many authors (see, for example, [1, 3, 6, 15, 16]). Note that these
algebras turned out to be closely related to the normal involutive endomorphisms of the C∗-algebra
of all bounded operators on a Hilbert space.

This paper continues the authors’ studies on the theory of semigroup C∗-algebras and inductive
systems of C∗-algebras, which were started in [2, 7–13, 17, 18]. In particular, the properties of
inductive sequences of Toeplitz algebras defined by sequences of positive integers and of their limits
were studied in the indicated papers.

In the present study, we consider inductive sequences consisting of copies of the same Toeplitz–
Cuntz algebra T On. The connecting homomorphisms of such a sequence are defined by means of a
set of n sequences of positive integers P1, . . . , Pn. For each sequence Pk, we construct a semigroup Sk

isomorphic to a subsemigroup of the group of all rational numbers. We prove that the limit of the
inductive sequence of Toeplitz–Cuntz algebras T On defined by the set P1, . . . , Pn is isomorphic to
the reduced semigroup C∗-algebra C∗

r (S) constructed for the unitalization S of the free product of
semigroups S1 ∗ . . . ∗ Sn. We also show that this inductive limit is a simple C∗-algebra.

The paper consists of the introduction and two sections. In Section 1, we present necessary
notation, definitions, and preliminary information from the theories of C∗-algebras and semigroups.
Section 2 contains results on the limits of inductive sequences of C∗-algebras.

a Kazan State Power Engineering University, Krasnoselskaya ul. 51, Kazan, 420066 Russia.
b N. I. Lobachevsky Institute of Mathematics and Mechanics, Kazan Federal University, Kremlevskaya ul. 35,
Kazan, 420008 Russia.
E-mail addresses: gsuren@inbox.ru (S. A. Grigoryan), Renat.Gumerov@kpfu.ru (R. N. Gumerov),
elipacheva@gmail.com (E. V. Lipacheva).

60



LIMITS OF INDUCTIVE SEQUENCES OF TOEPLITZ–CUNTZ ALGEBRAS 61

1. NOTATION AND PRELIMINARY INFORMATION

We begin with the definition of the Toeplitz–Cuntz algebra. Throughout the paper, n ≥ 2 is
a fixed positive integer. Let U1, . . . , Un be bounded linear operators on some Hilbert space that
satisfy, together with the identity operator I on this space, the following conditions:

(1) U∗
kUk = I for any positive integer k ≤ n;

(2) U∗
kUl = 0 for any positive integers k, l ≤ n such that k �= l;

(3)
∑n

k=1 UkU
∗
k < I.

Cuntz proved [5, Lemma 3.1] that the C∗-algebra generated by the operators U1, . . . , Un satisfy-
ing relations (1)–(3) is independent of the choice of these elements and, hence, can be characterized
as a universal C∗-algebra generated by n operators U1, . . . , Un and relations (1)–(3). As mentioned
in the Introduction, this universal C∗-algebra is called the Toeplitz–Cuntz algebra and denoted
by T On.

Recall how the free product of a disjoint family of semigroups is constructed. Let Sk, 1 ≤ k ≤ n,
be a set of semigroups such that Si ∩ Sj = ∅ for i �= j. Denote by S1 ∗ . . . ∗ Sn the set of all
nonempty finite sequences a1 . . . al, l ∈ N, consisting of elements of the disjoint union

⊔n
k=1 Sk such

that, for any index 1 ≤ i ≤ l − 1, the condition ai ∈ Sk for some 1 ≤ k ≤ n implies that ai+1 /∈ Sk.
In other words, in a sequence a1 . . . al ∈ S1 ∗ . . . ∗ Sn, any two adjacent elements belong to different
semigroups. Next, introduce a binary operation ∗ on the set S1 ∗ . . . ∗ Sn by the formula

a1 . . . al ∗ b1 . . . bm =

{
a1 . . . alb1 . . . bm if al ∈ Si, b1 ∈ Sj , i �= j,

a1 . . . al−1(al · b1)b2 . . . bm if al, b1 ∈ Si for some i,

where a1 . . . al, b1 . . . bm ∈ S1 ∗ . . . ∗ Sn. One can easily check that the set S1 ∗ . . . ∗ Sn equipped
with the operation ∗ is a semigroup, which is called the free product of the semigroups Sk, 1 ≤ k ≤ n.
Note also that in the category of semigroups and their morphisms, the free product S1 ∗ . . . ∗ Sn

is defined as the coproduct of the family of objects Sk, 1 ≤ k ≤ n (see, for example, [14, Ch. VII,
Sect. 1] for details).

Let us proceed to the definition of the reduced semigroup C∗-algebra C∗
r (S), where S is an

arbitrary semigroup with left cancellation and neutral element.
Below, as usual, we denote by l2(S) the Hilbert space of all square integrable complex-valued

functions on the semigroup S. Consider a standard orthonormal basis {ea | a ∈ S} of the Hilbert
space l2(S), where the function ea is defined by

ea(b) :=

{
1 if a = b,

0 if a �= b.

For every a ∈ S in the C∗-algebra B(l2(S)) of all bounded operators on the Hilbert space l2(S),
define an isometric operator Va : l

2(S) → l2(S) by the formula

Va(eb) = eab, b ∈ S.

Now, consider two subalgebras in the C∗-algebra B(l2(S)). By P (S) denote the involutive
subalgebra generated by the set of isometries {Va | a ∈ S}, and by C∗

r (S) denote the C∗-subalgebra
in B(l2(S)) obtained by completing P (S) in the operator norm; the subalgebra C∗

r (S) is called the
reduced semigroup C∗-algebra for the semigroup S. Every element of P (S) can be represented as a
linear combination with complex coefficients of operators of the form

V i1
a1V

i2
a2 . . . V

it
at , (1.1)

where aj ∈ S, ij ∈ {0, 1}, j = 1, . . . , t, t ∈ N, and we set V 0
aj := V ∗

aj and V 1
aj := Vaj .
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62 S. A. GRIGORYAN et al.

Next, recall the definitions of an inductive sequence and inductive limit in the category of
C∗-algebras and their ∗-homomorphisms (see, for example, [19, Ch. 6] for details).

An inductive, or direct, sequence is a set {Ak, ϕk}+∞
k=1 consisting of C∗-algebras Ak and ∗-homo-

morphisms ϕk : Ak → Ak+1. To represent this inductive sequence, one often uses the diagram

A1
ϕ1−→ A2

ϕ2−→ A3
ϕ3−→ . . . . (1.2)

An inductive, or direct, limit of the inductive sequence (1.2) is a pair (A, {ϕk,∞}+∞
k=1) consisting

of a C∗-algebra A and a sequence of ∗-homomorphisms {ϕk,∞ : Ak → A}+∞
k=1 with the following

properties:
(i) for any k ∈ N, the diagram

Ak
ϕk

ϕk,∞

Ak+1

ϕk+1,∞

A

is commutative, i.e., ϕk,∞ = ϕk+1,∞ ◦ ϕk;
(ii) (universality property) for any C∗-algebra B and any sequence of ∗-homomorphisms {ψk,∞ :

Ak → B}+∞
k=1 satisfying the condition ψk,∞ = ψk+1,∞ ◦ ϕk for every k ∈ N, there exists a

unique morphism ψ : A → B such that the diagram

Ak
ϕk,∞ ψk,∞

A
ψ

B

is commutative, i.e., ψk,∞ = ψ ◦ ϕk,∞, for any k ∈ N.
Often, the object A itself is called the inductive limit. It is well known that inductive limits can

always be constructed in the category of C∗-algebras and their ∗-homomorphisms. For an inductive
sequence {Ak, ϕk}+∞

k=1, its inductive limit is denoted by lim−→{Ak, ϕk}. Moreover, for every inductive
sequence in the category of C∗-algebras and their ∗-homomorphisms, there exists a unique, up to
isomorphism, inductive limit of this sequence.

Below we will need the following example of an inductive sequence of C∗-algebras and their ∗-ho-
momorphisms. Let {Ak}+∞

k=1 be an increasing sequence of C∗-subalgebras of some C∗-algebra C,
i.e., Ak ⊂ Ak+1 for any k ∈ N. Then the sequence {Ak, ϕk}+∞

k=1, where each connecting ∗-homomor-
phism ϕk : Ak → Ak+1 is a natural embedding, is an inductive sequence of C∗-subalgebras. Up to
isomorphism, the inductive limit of the sequence {Ak, ϕk}+∞

k=1 is the pair (A, {ϕk,∞}+∞
k=1) with

A =

+∞⋃
k=1

Ak

and the ∗-homomorphism ϕk,∞ : Ak → A given by the natural embedding of C∗-algebras for every
k ∈ N (see [19, Remark 6.1.3]).

2. INDUCTIVE SEQUENCES AND THEIR LIMITS

In this section, we consider an inductive sequence of C∗-algebras consisting of copies of the
Toeplitz–Cuntz algebra T On for a fixed number n. The connecting morphisms of this sequence are
defined by the exponentiation of the generating isometries of the C∗-algebra T On, with exponents
given by n sequences of positive integers

P1 = {p11, p21, . . .}, . . . , Pn = {p1n, p2n, . . .} (2.1)

such that for any k ∈ N there exists an index i, 1 ≤ i ≤ n, for which pki �= 1.
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LIMITS OF INDUCTIVE SEQUENCES OF TOEPLITZ–CUNTZ ALGEBRAS 63

The following lemma will allow us to construct inductive sequences of Toeplitz–Cuntz algebras.
Lemma 1. For every k ∈ N, there exists a unique injective ∗-homomorphism

ϕk : T On → T On

defined by its action on the generating isometries U1, . . . , Un as follows:

ϕk(U1) = Upk1
1 , . . . , ϕk(Un) = Upkn

n .

Proof. Since T On is a universal C∗-algebra on n generators satisfying relations (1)–(3) from
the definition of the Toeplitz–Cuntz algebra T On, we should verify that the elements Upk1

1 , . . . , Upkn
n

satisfy these relations. The validity of relations (1) and (2) for the elements Upk1
1 , . . . , Upkn

n is obvious.
Let us check relation (3). It is clear that we have the operator inequality

Upk1
1

(
Upk1
1

)∗
+ Upk2

2

(
Upk2
2

)∗
+ . . .+ Upkn

n

(
Upkn
n

)∗ ≤ I. (2.2)

According to the condition satisfied by the sequences (2.1), at least one of the exponents pkj
of the generating element Uj, j = 1, . . . , n, in inequality (2.2) is greater than 1. Suppose that this
is U1. Moreover, suppose also that the equality

Upk1
1

(
Upk1
1

)∗
+ Upk2

2

(
Upk2
2

)∗
+ . . . + Upkn

n

(
Upkn
n

)∗
= I (2.3)

holds. Multiplying equality (2.3) by (Upk1−1
1 )∗ and Upk1−1

1 on the left and right, respectively, we
obtain the equality

U1U
∗
1 = I,

which contradicts relation (3) for the generating elements U1, . . . , Un of the Toeplitz–Cuntz alge-
bra T On. Thus, we have shown the validity of relation (3) for the elements Upk1

1 , . . . , Upkn
n . �

Consider the inductive sequence of Toeplitz–Cuntz algebras

T On
ϕ1−→ T On

ϕ2−→ T On
ϕ3−→ . . . (2.4)

with connecting ∗-homomorphisms ϕk : T On → T On defined by the formulas from Lemma 1. We
call this sequence the inductive sequence of Toeplitz–Cuntz algebras defined by the set of sequences
of positive integers (2.1).

Below we will consider additive semigroups of rational numbers that correspond to the se-
quences (2.1) and are defined as

Q+
Pk

=

{
m

p1k . . . psk

∣∣∣∣ m ∈ N, s ∈ N

}
,

where 1 ≤ k ≤ n. Introduce a semigroup Sk as the Cartesian product of n semigroups:

Sk = {0} × . . .× {0} ×Q+
Pk

× {0} × . . .× {0},

where the semigroup Q+
Pk

is in the kth position. Since 0 /∈ Q+
Pk

for each k, 1 ≤ k ≤ n, it follows
that Sk ∩ Sl = ∅ for any k and l with 1 ≤ k, l ≤ n. Let S be the unitalization of the free product of
semigroups S1 ∗ . . . ∗ Sn. In other words, S is a semigroup obtained by adding the neutral element 0
to the semigroup S1 ∗ . . . ∗ Sn:

S = S1 ∗ . . . ∗ Sn � {0}.

It is easy to see that S is a cancellative semigroup. We will call S the semigroup defined by the set
of sequences of positive integers (2.1).

The main result of this section is the fact that the inductive limit of the inductive sequence (2.4)
coincides, up to isomorphism, with the reduced semigroup C∗-algebra C∗

r (S). To prove this fact,

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 313 2021



64 S. A. GRIGORYAN et al.

we consider another inductive sequence which is an inductive sequence of C∗-subalgebras of the
semigroup C∗-algebra C∗

r (S).
Let us fix arbitrary elements (q1, 0, . . . , 0), . . . , (0, . . . , 0, qn) in the free product of semigroups

S1 ∗ . . . ∗ Sn. Denote by Tq1,...,qn the C∗-subalgebra in C∗
r (S) generated by the n isometries

V(q1,0,...,0), . . . , V(0,...,0,qn).
The following lemma shows that each of the algebras Tq1,...,qn is a universal C∗-algebra generated

by n isometries with mutually orthogonal images, i.e., a Toeplitz–Cuntz algebra.

Lemma 2. For any set of rational numbers (q1, . . . , qn) ∈ Q+
P1

× . . . ×Q+
Pn

, the correspondence
V(q1,0,...,0) �→ U1, . . . , V(0,...,0,qn) �→ Un extends to a C∗-algebra isomorphism

Ψ: Tq1,...,qn → T On.

Proof. Let us show that the elements V(q1,0,...,0), . . . , V(0,...,0,qn) generating the C∗-algebra
Tq1,...,qn satisfy relations (1)–(3) from the definition of the Toeplitz–Cuntz algebra.

Relation (1) is obvious.
Let us prove relation (2). Fix k and l with k �= l. Let us show that

V ∗
(0,...,qk,...,0)

V(0,...,ql,...,0)ea = 0

for any ea ∈ l2(S). Suppose that V ∗
(0,...,qk,...,0)

V(0,...,ql,...,0)ea �= 0. Then there exists an element b ∈ S

such that V ∗
(0,...,qk,...,0)

V(0,...,ql,...,0)ea = eb. For the scalar product 〈V ∗
(0,...,qk,...,0)

V(0,...,ql,...,0)ea, eb〉, we
have 〈

V ∗
(0,...,qk,...,0)

V(0,...,ql,...,0)ea, eb
〉
=

〈
V(0,...,ql,...,0)ea, V(0,...,qk,...,0)eb

〉
=

〈
e(0,...,ql,...,0)a, e(0,...,qk,...,0)b

〉
= 0,

since (0, . . . , ql, . . . , 0)a �= (0, . . . , qk, . . . , 0)b. We have obtained a contradiction, since 〈eb, eb〉 = 1.
Thus, relation (2) holds.

It remains to prove relation (3). Obviously, we have the operator inequality

V(q1,0,...,0)V
∗
(q1,0,...,0)

+ V(0,q2,0,...,0)V
∗
(0,q2,0,...,0)

+ . . . + V(0,...,0,qn)V
∗
(0,...,0,qn)

≤ I.

Suppose that

V(q1,0,...,0)V
∗
(q1,0,...,0)

+ V(0,q2,0,...,0)V
∗
(0,q2,0,...,0)

+ . . . + V(0,...,0,qn)V
∗
(0,...,0,qn)

= I. (2.5)

Take a number q0 ∈ Q+
P1

such that q0 < q1. Then q1 − q0 ∈ Q+
P1

. Multiplying equality (2.5) by
V ∗
(q0,0,...,0)

and V(q0,0,...,0) on the left and right, respectively, we obtain the operator equalities

V ∗
(q0,0,...,0)

V(q1,0,...,0)V
∗
(q1,0,...,0)

V(q0,0,...,0) = V ∗
(q0,0,...,0)

V(q0,0,...,0) = I,

V ∗
(q0,0,...,0)

V(q0,0,...,0)V(q1−q0,0,...,0)V
∗
(q1−q0,0,...,0)

V ∗
(q0,0,...,0)

V(q0,0,...,0) = I,

V(q1−q0,0,...,0)V
∗
(q1−q0,0,...,0)

= I.

We have arrived at a contradiction, since the operator V(q1−q0,0,...,0) is not unitary.
Thus, the following strict inequality holds:

V(q1,0,...,0)V
∗
(q1,0,...,0)

+ V(0,q2,0,...,0)V
∗
(0,q2,0,...,0)

+ . . . + V(0,...,0,qn)V
∗
(0,...,0,qn)

< I.

The existence of a required isomorphism of C∗-algebras Ψ: Tq1,...,qn → T On now follows from
the Cuntz lemma [5, Lemma 3.1] (see also [16, Corollary 5.1]). �
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Now, let us construct the second inductive sequence of C∗-algebras. To this end, in the semigroup
C∗-algebra C∗

r (S), we consider the sequence of unital C∗-subalgebras

T1,...,1, T 1
p11

,..., 1
p1n

, T 1
p11p21

,..., 1
p1np2n

, . . . , T 1
p11...pk−1,1

,..., 1
p1n...pk−1,n

, . . . .

Below, we will use the following notation for this sequence of algebras:

T1,T2,T3, . . . ,Tk, . . . .

Denote the generating elements of the C∗-algebra T1 by

V11 := V(1,0,...,0), . . . , V1n := V(0,...,0,1).

For the generating elements of the C∗-algebra Tk, k ≥ 2, we will also use the notation

Vk1 := V( 1
p11...pk−1,1

,0,...,0), . . . , Vkn := V(0,...,0, 1
p1n...pk−1,n

).

Note that the generators of the algebras Tk and Tk+1, k ∈ N, satisfy the equalities

Vk1 = V pk1
k+1,1, . . . , Vkn = V pkn

k+1,n.

Hence, we have the inclusion of subalgebras Tk ⊂ Tk+1 for every positive integer k. Thus,

T1 ⊂ T2 ⊂ T3 ⊂ . . . ⊂ Tk ⊂ . . .

is an increasing sequence of C∗-subalgebras of the semigroup C∗-algebra C∗
r (S), and

T1
ψ1−→ T2

ψ2−→ T3
ψ3−→ . . . , (2.6)

where the connecting ∗-homomorphisms ψk, k ∈ N, are natural embeddings of C∗-subalgebras, is
an inductive sequence of C∗-algebras. We also call the sequence (2.6) the inductive sequence of
C∗-subalgebras defined by the set of sequences of positive integers (2.1).

In the following theorem, we prove that the closure of the union of the sequence of subal-
gebras {Tk} in the norm topology of the semigroup C∗-algebra C∗

r (S) coincides with the whole
algebra C∗

r (S). This result implies (see, for example, [19, Remark 6.1.3]) that the inductive limit of
the inductive sequence of C∗-subalgebras (2.6) is (up to isomorphism) the C∗-algebra C∗

r (S) itself.
Theorem 1. Let S be the semigroup and {Tk, ψk}+∞

k=1 the inductive sequence of C∗-subalge-
bras of the semigroup C∗-algebra C∗

r (S) that are defined by a set of sequences of positive integers
P1, . . . , Pn, n ∈ N. Then the following equality holds:

C∗
r (S) =

+∞⋃
k=1

Tk. (2.7)

Proof. The inclusion C∗
r (S) ⊃

⋃+∞
k=1 Tk is obvious.

Let us show that the reverse inclusion holds. To this end, we prove the inclusion

P (S) ⊂
+∞⋃
k=1

Tk. (2.8)

To prove this, we fix an arbitrary element A ∈ P (S) and its representation in the form of a finite
sum of operators of the form (1.1) with complex coefficients. In this linear combination, we consider
an arbitrary term, which is assumed to have the form (1.1) without loss of generality. First, for
each factor V

ij
aj in this term (1.1), we represent the element aj of the semigroup S as a sequence

aj = b1 . . . bl, l ∈ N, of elements of the semigroups Sk; recall that any two adjacent elements in
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the sequence b1 . . . bl belong to different semigroups Sk. Then we express the element V
ij
aj as a

composition of operators as follows:

V
ij
aj =

{
Vb1Vb2 . . . Vbl if ij = 1,

V ∗
bl
V ∗
bl−1

. . . V ∗
b1 if ij = 0.

(2.9)

Suppose that we have the case ij = 1 in (2.9). Let b1 ∈ Sk for some 1 ≤ k ≤ n. Then there
exist numbers m ∈ N and s ∈ N such that

b1 =

(
0, . . . , 0,

m

p1k . . . psk
, 0, . . . , 0

)
,

where pjk is the jth term of the sequence Pk, 1 ≤ j ≤ s.
The operator equality

Vb1 = V m
s+1,k

implies the inclusion Vb1 ∈ Ts+1. In exactly the same way, for each index i = 2, . . . , l, one can show
that the inclusion Vbi ∈ Tsi holds for some si ∈ N. Therefore,

V
ij
aj ∈ Tt, (2.10)

where t = max{s+ 1, s2, . . . , sl}.
In the case where the equality ij = 0 holds in (2.9), inclusion (2.10) is proved in a similar way.
Thus, we have shown that each factor of the operator (1.1) is contained in the set on the right-

hand side of (2.8). So we conclude that the operator (1.1) itself is contained in this set. Similarly,
each term in the linear combination representing the operator A, and so the operator A itself,
belongs to the right-hand side of (2.8). Thus, inclusion (2.8) is proved. Using (2.8) and the fact
that the algebra P (S) is dense in C∗

r (S), we conclude that equality (2.7) is valid. �
Corollary 1. Let S be the semigroup and {Tk, ψk}+∞

k=1 the inductive sequence of C∗-subalge-
bras of the semigroup C∗-algebra C∗

r (S) that are defined by a set of sequences of positive integers
P1, . . . , Pn, n ∈ N. Then the following C∗-algebra isomorphism holds:

lim−→{Tk, ψk} ∼= C∗
r (S).

Now we are ready to prove the main result of the paper on the limits of inductive sequences of
Toeplitz–Cuntz algebras.

Theorem 2. Let S be the semigroup and {T On, ϕk}+∞
k=1 the inductive sequence of Toeplitz–

Cuntz algebras that are defined by a set of sequences of positive integers P1, . . . , Pn, n ∈ N. Then
the following C∗-algebra isomorphism holds:

lim−→{T On, ϕk} ∼= C∗
r (S).

Proof. By Lemma 2, for every k ∈ N, there exists a C∗-algebra isomorphism Ψk : Tk → T On.
Denote by Φk : T On → Tk the inverse of the isomorphism Ψk.

Consider the following diagram, in which the upper and lower rows are, respectively, the induc-
tive Toeplitz–Cuntz sequence (2.4) and the inductive sequence of C∗-subalgebras of the semigroup
C∗-algebra C∗

r (S) (2.6) that are defined by the sequences P1, . . . , Pn:

T On
ϕ1

Φ1

. . .
ϕk−1 T On

Φk

ϕk T On

Φk+1

ϕk+1
. . . lim−→{T On, ϕk}

lim−→{Φk}

T1
ψ1

. . .
ψk−1 Tk

ψk Tk+1
ψk+1

. . . lim−→{Tk, ψk}
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We argue that this diagram is commutative. Indeed, it suffices to show that for every k ∈ N the
corresponding square is commutative, i.e., that the following equality of ∗-homomorphisms holds:

Φk+1 ◦ ϕk = ψk ◦Φk. (2.11)

Let us show that equality (2.11) holds on the generating elements U1, . . . , Un of the Toeplitz–
Cuntz algebra T On. We fix an arbitrary number s ∈ N, 1 ≤ s ≤ n, and first calculate the value of
the homomorphism on the right-hand side of (2.11) on Us:

ψk ◦ Φk(Us) = ψk(Vks) = Vks.

Now we calculate the value of the homomorphism on the left-hand side of (2.11) on the same
element Us:

Φk+1 ◦ ϕk(Us) = Φk+1(U
pks
s ) = (Φk+1(Us))

pks = V pks
k+1,s = Vks,

where pks is the kth term of the sequence Ps. Hence, on the generators of the Toeplitz–Cuntz
algebra, equality (2.11) holds.

Next, recall (see the proof of Lemma 2) that the set of n operators

Vk1, . . . , Vkn

satisfies relations (1)–(3). Therefore, since the Toeplitz–Cuntz algebra T On is a universal C∗-algebra
with n generators U1, . . . , Un satisfying relations (1)–(3), there exists a unique ∗-homomorphism of
C∗-algebras

T On → Tk+1

that maps the generating element Us to the operator Vks for each 1 ≤ s ≤ n. Hence, equality (2.11)
holds, and so the diagram presented above is commutative.

Thus, the set {Φk}+∞
k=1 is a morphism between the inductive sequences of C∗-algebras (2.4)

and (2.6).
Finally, consider the C∗-algebra ∗-homomorphism

lim−→{Φk} : lim−→{T On, ϕk} → lim−→{Tk, ψk}

which is the limit morphism for the morphism {Φk}+∞
k=1. Since all Φk are isomorphisms, the ∗-ho-

momorphism lim−→{Φk} is also an isomorphism of C∗-algebras.
To complete the proof of the theorem, it remains to apply Corollary 1. �
In the final part of the paper, we address the problem of the existence of ideals in the semigroup

C∗-algebra C∗
r (S), which is the inductive limit of the sequence of Toeplitz–Cuntz algebras defined

by a set of sequences of positive integers. Namely, we show that the C∗-algebra C∗
r (S) is simple. It

is well known that simple algebras play an important role in the structural theory of C∗-algebras.
Recall that a C∗-algebra is said to be simple if it has no closed ideals except the zero ideal and

the algebra itself.
To prove the simplicity of the semigroup C∗-algebra C∗

r (S), we will apply the following well-
known fact, which we formulate as a lemma.

Lemma 3. Let A be a C∗-algebra containing an increasing sequence of C∗-subalgebras
{Ak}+∞

k=1 such that
⋃+∞

k=1Ak is dense in A. Let J be a closed ideal in A. Then the following
equality holds:

J =

+∞⋃
k=1

(J ∩ Ak).
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The proof of Lemma 3 is based on arguments similar to those used in the proof of Theorem 6.2.6
in [19] for approximately finite-dimensional algebras.

Let us proceed to the final statement of the paper, which states that the inductive limit of the
inductive sequence of Toeplitz–Cuntz algebras defined by the set of sequences (2.1) is simple.

Theorem 3. Let {T On, ϕk}+∞
k=1 be the inductive sequence of Toeplitz–Cuntz algebras defined by

the set of sequences of positive integers P1, . . . , Pn, n ∈ N. Then the inductive limit lim−→{T On, ϕk}
of this sequence is a simple C∗-algebra.

Proof. Let S be the semigroup defined by a set of sequences P1, . . . , Pn. By Theorem 2, to
prove the assertion, it suffices to prove that the C∗-algebra C∗

r (S) is simple.
Let J be a proper closed ideal of C∗

r (S).
We consider an increasing sequence of C∗-subalgebras {Tk}+∞

k=1 in the algebra C∗
r (S) and first

show that the equality
J ∩ Tk = {0} (2.12)

holds for any positive integer k.
Suppose that J ∩ Tk �= {0} for some k. The set J ∩ Tk is a closed ideal in the C∗-algebra Tk.

By Lemma 2, the algebra Tk is isomorphic to the Toeplitz–Cuntz C∗-algebra T On. In [4, Proposi-
tion 3.1], Cuntz proved that the Toeplitz–Cuntz algebra T On contains a closed ideal K generated
by the element I −

∑n
k=1 UkU

∗
k , which is isomorphic to the ideal of compact operators on an infinite-

dimensional separable Hilbert space, and that the C∗-algebra isomorphism T On/K ∼= On holds,
where On is the Cuntz algebra. Since the Cuntz algebra is simple [4, Theorems 1.12, 1.13], any
proper nonzero ideal in T On coincides with K. Thus, in the C∗-algebra Tk, there is an ideal
generated by an element I −

∑n
i=1 VkiV

∗
ki that coincides with the ideal J ∩ Tk. Hence, the following

inclusion holds:

I −
n∑

i=1

VkiV
∗
ki ∈ J.

Let j and l, 1 ≤ j, l ≤ n, be such that j �= l and pkj �= 1. Here we use the notation from (2.1)
for the terms of the sequences P1, . . . , Pn. Then we have the chain of equalities

V ∗
k+1,lV

∗
k+1,j

(
I −

n∑
i=1

VkiV
∗
ki

)
Vk+1,jVk+1,l = V ∗

k+1,lV
∗
k+1,j

(
I −

n∑
i=1

V pki
k+1,i(V

∗
k+1,i)

pki

)
Vk+1,jVk+1,l

= V ∗
k+1,l

(
I − V ∗

k+1,jV
pkj
k+1,j(V

∗
k+1,j)

pkjVk+1,j

)
Vk+1,l

= V ∗
k+1,l

(
I − V

pkj−1
k+1,j (V ∗

k+1,j)
pkj−1

)
Vk+1,l

= I − V ∗
k+1,lV

pkj−1
k+1,j (V ∗

k+1,j)
pkj−1Vk+1,l = I.

Therefore, the identity operator I belongs to J , and the ideal J coincides with the whole C∗-alge-
bra C∗

r (S). We have obtained a contradiction. Hence, equality (2.12) holds for any k ∈ N.
Next, applying Theorem 1 and Lemma 3, we obtain the equality

J =

+∞⋃
k=1

(J ∩ Tk).

This means that J = {0}. The theorem is proved. �
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