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Abstract—The statement and the technique of solving a new class of problems for calculating 
the process parameters of the manufacture of inflatable bearing surfaces of aircraft are proposed. 
The technique development is based on dependencies of interaction dynamics of the stretchable fabric 
with internal pressure in the wing cavity. The model takes into account the imbalance of the pressure 
and tension forces in the shell surface that initiate its high-frequency oscillation. The algorithms 
obtained allow predicting and then correcting the shape of the wing profile in accordance with 
the aerodynamics guidelines. 
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INTRODUCTION 

Large dimensions of load-bearing lift surfaces cause certain inconveniences during an aircraft 
transportation, basing, and storage. Various transformable structures are used to improve portability, 
including folding wings [1] or helicopter blades [2], disk wings with retracting [3] or folding blades [4], 
etc. 

Soft inflatable load-bearing aerodynamic surfaces ensure compactness of an aircraft during storage 
and transportation.  

Aircraft with inflatable units are a separate class. 
The first experiments with inflatable wing were carried out in the 1930s. These experiments were 

continued in 1956–1973 within the scope of the US military program aimed at the development of 
an inflatable aircraft with a weight of more than 300 kg. 

The literature provides the examples of development and operation of manned aircraft of totally 
inflatable units [5], unmanned aerial vehicles [6], inflatable helicopter hulls, and paragliders [7]. There 
are also hybrid wings with a rigid front and inflatable rear part [8]. The subject of research is also 
the aerodynamics of the flow around the profile [9, 10], oscillations in the inflatable wing [11], and 
the assessment of the temperature effect on the inflatable wing properties [12, 13]. A number of 
aeroelastic and mechanical issues of the soft wing are considered in [14–25]. 

The most common technical solution is a multi-spar (multi-walled) wing [12], [6]. Sometimes, spars 
are tubular [6]. In a multi-walled structure, the straightness of generatrix lines of the surface along 
the wing span is easily implemented and the bending moment is well perceived. At the same time, another 
layer of fabric, which is mounted on top the inflatable system to ensure the smoothness of the surface, 
makes the design heavier. Besides, it is difficult to create the specific aerodynamic profile in the soft wing 
section. Thus, the ensuring the specific aerodynamic profile of an inflatable wing at the design stage 
remains a timely matter. 
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To determine the shape of the wing under pressurization, an algorithm is developed for numerical 
solution of the dynamic problem of elasticity using the finite difference method in an explicit scheme. In 
this case, the effect of interaction of the rib geometry and the local buckling of the wing element is taken 
into account. The stationary shape of the wing is defined as the ultimate solution of the dynamic problem. 
The required aerodynamic shape of the wing is determined on the basis of numerical experiments as 
a function of pressure. 

STATEMENT OF THE PROBLEM 

An inflatable wing is studied (Fig. 1). Skins, ribs, and spars are made of impermeable fabric 
impregnated with resin. The ribs are connected to the skin and the spars and determine the profile of 
the wing in their sections. The spars are connected to the ribs and have no connection with the skin. They 
take part of bearing of the bending moment and shear force. The force is transmitted to the spars from 
the ribs. 

 

 
(a)    (b) 

 
(c) 

Fig. 1. Inflatable wing scheme: (a)—the nominal shape; (b)—the shape after pressurization; (c)—the longitudinal section. 

The following processing scheme is suggested for manufacturing the wing. At the beginning, 
the fabric is impregnated with resin. Then, the shell with a soft frame is inflated until it acquires 
a geometry that meets aerodynamic requirements. 

After that, the resin is cured under temperature or ultraviolet radiation exposition, depending on cure 
initiator. The result is a bearing surface with a hard skin and a frame. 

During pressurization, for simplicity, we can neglect the deformation of the ribs and spars in the plane 
of their walls, as well as their deplanation, since the pressure on both sides is the same. At the same time, 
the skin is stretched as the pressure increases. Its surface between the ribs takes the shape of a doubly 
curved shell (Fig. 1b). 

This work is aimed at creation of a technique that allows calculating the shape of convex fragments of 
the skin depending on the level of pressure inside it. This allows one to adjust the level of pressurization 
to obtain the profile specified by aerodynamics. 

The theoretical foundations of developing such a technique are presented in [26–34]. These works 
describe open shells with flexible deformable linear reinforcements such as slings. The theory was 
applied in parachute systems. 

This paper proposes the formulation of a new class of problems on creation of a methodology for 
calculating the process parameters of manufacturing the inflatable bearing surfaces of aircraft. 

A 

A

A–A
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THE EQUATIONS OF DYNAMICS OF LOADING OF THE FABRIC SURFACE OF THE WING 

The method proposed for determining the process parameters is based on the following: in 
pressurization, the equilibrium state of a shell fragment located between the ribs is established as a result 
of a dynamic process between internal pressure and forces in the fabric shell. This makes it necessary to 
consider the dynamics of soft shells under pressure. Shell fragments joined in the rib area are shown in 
Fig. 2. 

 

 

Fig. 2. Shell fragments under pressurization. 

Let the surface and mass forces acting on the selected shell element be as follows: 

 1 2 0 0 0 0 1 2;P pdF p gd d Q qdF q g d d= = α α = ρ = ρ α α , 

where 0ρ  is the density of undeformed shell material; q  is the density of mass force; 1 2dF gd d= α α  is 

the element of the surface under consideration. 
In the theory of soft shells, one does not operate by stresses (forces per unit of area), but tensions 

(forces per unit of length). This is mainly due to the fact that the thickness of textile materials is a very 
vague concept and depends on the method of weaving, threads packing density, etc. 

The following forces are applied to the elementary areas, limited by sections 1α  and 2α : 

 ( ) ( )11 1 12 2 22 2 21 1 22 2 11 1; ,T T g d T T g d− τ + τ α − τ + τ α  

where, 1τ  and 2τ  are the unit vectors of the main basis vector; ( , 1,2)ikT i k =  are the physical components 

of the membrane stress tensor. 
We assume that mass forces include inertial forces. Given the d’Alembert principle, the equation of 

motion of the fabric shell can be written as 

 ( )( ) ( )( )
2

0 0 11 1 12 2 22 22 2 21 1 11 0 02
1 2

  
r

g T T g T T g p g q g
t

∂ ∂ ∂
ρ = τ + τ + τ + τ + + ρ

∂ ∂α ∂α
, (1) 

where r  is the radius vector of the point of the selected surface element in space, which determines 
the coordinates of the surface point in space at time t . 

The wing rib splits the smooth shell into two subregions 1G  and 2G  (see Fig. 2). Let there be 

the tangent tensions 1
12T , 2

12T  and normal tensions 1
11T , 2

11T  on the boundaries of these subregions. Here, 

superscripts refer to subregions 1G  and 2G . Then, the equations of motion of each subregion are described 

by Eq. (1) with the boundary tensions 1
12T , 1

11T  and 2
12T , 2

11T , respectively, for these subregions and these 

tensions are determined as a result of mutual deformation of the shell elements 1G  and 2G  with the rib. 
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Thus, the dissected equations of motion of smooth shells are considered taking into account the 
boundary conditions.  

THE EQUATIONS OF THE WING PRESSURIZATION  
IN THE CARTESIAN COORDINATE SYSTEM 

Let the shell surface be assigned to the Cartesian system of orthogonal coordinates 1 2 3, , x x x  and given 

in parametric form 

 1 1 1 2 2 2 1 2 3 3 1 2( , , ); ( , , ); ( , , ).x x t x x t x x t= α α = α α = α α  

For the undeformed state of surface, the directions 1 2 90degα ∧α =  are selected. 

The radius vector of any point on the surface can be represented as 
3

1
k k

k

r x i
=

=∑ , where ( 1,  2,  3)ki k =  

is the right triple of unit vectors. Further, we apply the summation convention for same subscripts, so 
3

1
k k k k

k

x i x i
=

=∑ . 

Each surface point is associated with its local basis, and the main vectors of the bases are determined 
as , j j j k kr r r i= ∂ ∂α = . 

Internal geometry of the surface is determined by its metric tensor. Its components are calculated using 
the following equation 

 , ,

  
, , 1,2jm j k m k

j m

r r
g r r j m

∂ ∂

= = =

∂α ∂α

. (2) 

In Eq. (2), components with the same subscripts 11g  and 22g  are equal to the squares of the lengths of 

the main basis vectors 1r  and 2r . Their directions are determined using the cosines of the corresponding 

unit vectors 1e  and 2e . If ( )cos ,jk j kl e i= , then j jk ke l i= . 

To calculate the direction cosines jkl , we express the unit vectors in terms of the main vectors 

j j jje r g= . Then, the direction cosines are determined as follows 

 , ,  1,  2; 1,  2,  3.jk j k jjl r g j k= = =  (3) 

The unit normal to the surface is as follows 

 3 1 2 11 22 .e e e g g g= ×  (4) 

The direction cosines of the normal to the surface are determined by the well-known equations 

 ( )31 12 23 13 22 11 22 ;l l l l l g g g= −  

 ( )32 13 21 11 23 11 22 ;l l l l l g g g= −  (5) 

 ( )33 11 22 12 21 11 22 .l l l l l g g g= −  

For writing the equation of motion in the Cartesian coordinate system, we use decomposition in 
directions of local basis k kp p e=  and  k kq q e= . 

Let the axis 3x  be vertical. Projecting Eq. (1) on the Cartesian axes and taking into account Eqs. (4) 

and (5), we obtain three scalar equations of motion: 
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 ( )( ) ( )( )
2

1
0 0 11 11 12 21 22 22 22 21 11 112

1 2

x
g T l T l g T l T l g

t

∂ ∂ ∂
ρ = + + +

∂ ∂α ∂α
 

 ( ) ( )3 12 23 13 22 11 22 1 11 2 21 p l l l l g g p l p l g+ − + + ; 

( )( ) ( )( )
2

2
0 0 11 12 12 22 22 22 22 21 12 112

1 2

x
g T l T l g T l T l g

t

∂ ∂ ∂
ρ = + + +

∂ ∂α ∂α
 

 ( ) ( )3 13 21 11 23 11 22 1 12 2 22 ;p l l l l g g p l p l g+ − + +  (6) 

 ( )( ) ( )( )
2

3
0 0 11 13 12 23 22 22 23 21 13 112

1 2

x
g T l T l g T l T l g

t

∂ ∂ ∂
ρ = + + +

∂ ∂α ∂α
 

 ( ) ( )3 11 22 12 21 11 22 1 13 2 23 0 0 .p l l l l g g p l p l g q g+ − + + − ρ  

Apart from three equations of motion, the system of resolving equations contains  

⎯geometric relations 

 , , , , 1,2;jm j k m k
j m

r r
g r r j m

∂ ∂
= = =
∂α ∂α

 (7) 

⎯relations for the physical components of the strain tensor 

 
0

0 0
;

2
ik ik

ik

ii kk

g g

g g

−

ε =   (8) 

⎯relations for degrees of deformation 1 2 , ( 1,2)i ii iλ = + ε =  and the shear angle 

 ( )12 1 2sin 2 .θ = ε λ λ  (9) 

Parameter 12ε  characterizes the angle of shift between coordinate lines 1α  and 2α  in deformed 

condition. 
Textile materials have a low shear stiffness, about 2 % compared to the tensile stiffness. Therefore, the 

shear moduli may be considered as 12 21 0E E= = . Then, the physical relations for the fabric as applied to 

Eqs. (6) may be as follows  

 
( ) ( )

( ) ( )
11 11 11 21 22 22 12 21 11

22 22 22 12 11 11 12 21 22

1 ;

1 ,

T E e E e e

T E e E e e

= + ν − ν ν + η

= + ν − ν ν + η

�

�

 (10) 

where 12 21 0.25ν = ν =  are the analogues to the Poisson’s ratio; 11 22, e e  are the elongations; 11e�  and 22e�  

are the elongation rates; η  is the coefficient of viscous friction in the material; 11 22, E E  are the tensile 

moduli. 
During pressurization, the pressure and tension forces are unbalanced. As a result, when the shell is 

pressurized, there is a high-frequency oscillation of the shell elements. Oscillation of the shell itself 
affects the value of the effective pressure. When the shell element moves against the internal pressure, the 
pressure acting on this element increases, and decreases for the opposite direction of motion, i.e. 
the inflation is dampened by oscillation of the shell. 

When the shell is pressurized, the overpressure ( )p t  is approximated by the following equation  

 ( ) ( )( ) ( )
2

1 sgn 1n n n np t p t V V= − ν − ν�   (11) 

that is used in the theory of soft shells in studying the dynamics of parachutes [34].  
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The term n nVν  is introduced into Eq. (11), where n
ν  is the aerodynamic damping coefficient of the 

medium when the shell moves in this medium with the rate 3
nV u t= ∂ ∂  to the normal 3e  to the surface. 

Here, 3u  is the component of the shell displacement vector to the surface normal. In Eq. (11), the law of 

the distribution of excess pressure p�  over spatial coordinates 1 2,α α  is assumed to be determined at 

time t. 

Further, let us consider that when 0t t= , the initial shape of the shell 0σ  is described as 

 ( ) ( )1 2 1 2
0, , ,r t rα α = α α , 

where 1
α  is the curvilinear coordinate along the generatrix of the shell varying within 1

10 l≤ α ≤  and 
2

α  is the circumferential coordinate varying within 2
20 l≤ α ≤ . 

THE DIFFERENCE SCHEME FOR SOLVING THE PROBLEM 

A significant number of works have been devoted to the calculation of reinforced shells [35–41]. This 
paper supposes the difference scheme for solving the problem. 

The calculated element (i, j) (Fig. 3) of the difference grid covering the deformed surface is being 
considered. It is assumed that the mass of the hatched element is concentrated in the node (i, j) (Fig. 3a). 
In this case, the difference grid in general will be deplaned (Fig. 3b). Let the triangles OAB, OBC, OCD, 
ODE, OEF, OFK, OKL, and OLA remain flat during deformation. 

 

 
(a)    (b) 

Fig. 3. Calculated elements: (a)⎯the hatch element of difference grid; (b)⎯the deplanation of the difference grid. 

At each point of time, the elongation ratios in the directions 1
α  and 2

α  are calculated using 
the following equations: 

 ( )
1/2

3 21/2, 1
1 1 1, ,

1

;i j
i j i jh x x+ − γ γ

+

γ =

⎛ ⎞
λ = −⎜ ⎟

⎝ ⎠
∑  

 ( )
1/2

3 2, 1/2 1
2 2 , 1 ,

1

;i j
i j i jh x x+ − γ γ

+

γ =

⎛ ⎞
λ = −⎜ ⎟

⎝ ⎠
∑  

 ( )1/2, 1/2 1/2, 1 1/2,
1 1 1 2;i j i j i j+ + + + +

λ = λ + λ ; 

 ( )1/2, 1/2 1, 1/2 , 1/2
2 2 2 2.i j i j i j+ + + + +

λ = λ + λ  (12) 

where 1 1( , )h h i j=  and 2 2 ( , )h h i j=  are the distances between points ( 1 / 2, )i j+ , ( , 1 / 2)i j +  of 

the difference grid. 

i – 1, j + 1 

i, j + 1 i + 1, j + 1
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To calculate the direction cosines of the main basis vectors, the following relations are used: 

 { } { }1, , , 1 ,
1, 2,1/2, , 1/2

1 1 2 2

; .i j i j i j i ji j
j ii j i j

x x x x
l l

h h

γ γ γ γ

+ +

γ γ+ +

− −
= =

λ λ
 (13) 

Equations of motion (6) are associated with their difference analogues. For example, for 12 1i n≤ ≤ − ; 

22 1j n≤ ≤ −   

 { } { } { } { } { } { }(1/2 1/2 1/2 1/2

, , 11 2 1 11 2 11/2 1/21/2 1/2, ,
1 2 0

 
n n i ii i

i j i j j jj ji j i j

t t
V V P F T l T l

h h

+ − + +γ γ γ

γ γ+ −+ −

Δ Δ ⎡= + + λ + λ⎢⎣ρ
  

 { } { } { } { } ( ) { } { }
1 11/2 1/2 1/2

11 2 1 11 2 1 1 22 1 21/2 1/2 1/21/2 1/2 1/2
2

i i ji i j

j j ij j i
T l T l h T l

− −− − +

γ γ γ+ − ++ − +

⎤ ⎡− λ − λ + λ⎥ ⎢⎦ ⎣
 

 { } { } { } { } { } { } ( ) )1 11/2 1/2 1/2

22 1 2 22 1 2 22 1 2 21/2 1/2 1/21/2 1/2 1/2
2  .

j j jj j j

i i ii i i
T l T l T l h t q

− −+ − −

γ γ γ γ− + −− + −

⎤+ λ − λ − λ + Δ⎥⎦
 (14) 

For Eq. (14), for example, 

 { } ( ) ( )
1 2 1

1 1, 1 2 , 1 2 1 1 2, 1 21 2

i

i j i j i jj
l x x h

+
γ γ

γ + − − + −
−

= − λ  

and ,i jF γ  is the sum of the projections of the areas of eight triangles adjacent to the node ( ),i j  on 

the plane ( )0 1,2,3xγ
= γ = . So, for the first triangle  

 ( ) ( ) ( )( )1 2 3 3 2 3 3 2 3 3
, , 1 2, 1 2, 1 2 1 2, 1 2, 1 2 , 1 2, 1 2 , 1 2,

1
.

2i j i j i j i j i j i j i j i j i j i jF x x x x x x x x x
+ + + + + + + + +

= − + − + −  (15) 

The projections of areas on the other planes 2 0x =  and 3 0x =  are determined in the same way. 
Moreover, the subscripts 1, 2, 3 change by a cyclic rearrangement. 

The integration step is selected in accordance with the Courant–Friedrichs–Levy criterion 

 ( )1 2min ,kt h h cΔ < α , (16) 

where kα  is the Courant coefficient; c  is the velocity of small disturbance propagation in the material 

(sound speed). 
The boundary conditions for the shell are ensured on an extended grid, the dimensions of which are 

determined by the numbers 11, n  and 21, n . Subscripts i  and j  vary within 11 i n≤ ≤ , 21 j n≤ ≤ . 

The desired coordinates of the nodal points of the shell on the time layers are determined as follows  

 ( ) ( ) ( )
1/21 1

, , ,
, 1,2,3

nn n

i j i j i j
x x t V

++ +
γ γ γ

= + Δ γ =
� . (17) 

Thus, an explicit scheme of the finite difference method is used to generate a numerical solution of the 
formulated problem. As a result, in constructing a solution to the compiled system of equations, a discrete 
region is introduced 1,2, ...,, 3

in i i ii iS n h S sn = Δ=  and 1,2,...,, 1 .–n n t tt n tΔ = Δ=  

In this case, the values of the desired functions at each integration step are determined through their 
known values at the previous step within a single end-to-end calculation algorithm. 

The choice of coefficient of viscous friction η  (10), the aerodynamic damping coefficient n
ν  (11), the 

Courant coefficient kα  is based on numerical experiment. 

Thus, based on algorithm (5)–(17), dynamic problems of deformation of soft-shell structures are 
solved by the finite different method in the explicit scheme. This algorithm provides a possibility to 
reduce the problem to an equilibrium deformed state. In this case, the pressure inside the wing and surface 
tension are balanced, and the shape of the wing is determined by specified internal pressure and design 
features. 
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The calculated surface shape is compared to the guidelines of aerodynamic calculation. It provides 
a possibility to make adjustments to the pressurization parameters to achieve the most rational shape of 
the airfoil. 

CONCLUSIONS 

The technology of manufacturing bearing surfaces such as a wing or wing mechanization by 
pressurization of soft impenetrable shell impregnated with the resin is considered. 

The technique is proposed for calculating the buckling mode of inflated soft skin fragments located 
between the ribs. It provides a possibility to predict the configuration of the wing profile in all its sections 
and determine the necessary pressure to ensure rational aerodynamic properties. After pressurization, the 
shape of the wing is fixed by curing the resin under heat treatment or ultraviolet radiation. 
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